Sequences with low auto-correlation property have been applied in code-division multiple access communication systems, radar and cryptography. Using the inverse Gray mapping, a quaternary sequence of even length N can be obtained from two binary sequences of the same length, which are called component sequences. In this paper, using interleaving method, we present several classes of component sequences from twin-prime sequences pairs or GMW sequences pairs given by Tang and Ding in 2010; or two, three or four binary sequences defined by cyclotomic classes of order 4. Hence we can obtain new classes of quaternary sequences, which are different from known ones, since known component sequences are constructed from a pair of binary sequences with optimal auto-correlation or Sidel'nikov sequences.
Introduction
Binary and quaternary sequences have received a lot of attention since they are easy to be implemented as multiple-access sequences in practical communication systems, radar, and cryptography [1, 2] . For example in some communication systems, in order to acquire the desired information from the received signals, the employed sequences are required to have auto-correlation values as low as possible so as to reduce the interference and noise. See [3] for a good survey paper on known constructions of binary and quaternary sequences with optimal auto-correlation.
Let s = (s(0), s(1), . . . , s(N − 1)) and t = (t(0), t(1), . . . , t(N − 1)) be two sequences of length N defined over the integer residue ring Z H = {0, 1, . . . , H − 1}. Then s is called a binary sequence if H = 2 or a quaternary sequence if H = 4. The support set of a binary sequence s is defined by the set {0 i < N : s(i) = 1}.
The cross-correlation function R s,t (τ ) between s and t is defined by
where ξ = exp(2π √ −1/H) and the subscript i + τ is performed modulo N . If s = t, R s,t (τ ) is called the auto-correlation function of s, and denoted by R s (τ ) for short. The maximum out-of-phase autocorrelation magnitude of s is defined as R max (s) = max{|R s (τ )| : 1 τ < N }.
For a quaternary sequence s of odd length N , its maximum out-of-phase auto-correlation magnitude R max (s) introduced above, is greater than or equal to 1, i.e., R max (s) 1. Up to now, the only known class with R max (s) = 1 was proposed in [4] . This class of sequences has odd length N = q+1 2 and is constructed from odd perfect sequences [5] of length q + 1, where q ≡ 1(mod 4) is an odd prime power. The next smallest values for the maximum out-of-phase auto-correlation magnitude of a quaternary sequence of odd length are as follows:
• R max (s) = √ 5 for N ≡ 1(mod 4) [6] [7] [8] [9] [10] ; • R max (s) = 3 for N ≡ 3(mod 4) [7, 11] .
Those constructions are mainly based on cyclotomy or interleaving technique [2] .
For the case of even length N , a sequence s is called optimal if R max (s) = 2 [12] . In [13, 14] , optimal quaternary sequences of length q − 1 were obtained from Sidel'nikov sequences, q being an odd prime power. Using the inverse Gray mapping, a quaternary sequence of even length can be obtained from two binary sequences of the same length, which are called component sequences in this paper. Several constructions of component sequences via interleaving Legendre sequences [15] , or binary sequences with ideal auto-correlation [16] , were presented to design optimal quaternary sequences. By extending the constructions in [15, 16] , Tang and Ding [12] developed a generic construction of component sequences which works for any pair of ideal sequences of the same length.
The objective of this paper is to obtain new more component sequences via interleaving technique. It will be seen later that the resultant component sequences include a pair of non-ideal sequences, and lead to new optimal quaternary sequences under the inverse Gray mapping. More precisely, our two binary component sequences can be defined by the following sequences:
• Twin-prime sequences pairs and GMW sequences pairs given by Tang and Gong in 2010 [17] .
• Two, three or four binary sequences defined by cyclotomic classes of order 4 with respect to the integer residue ring Z n , n begin an odd prime.
Compared with optimal quaternary sequences given by [12, 13, 15, 16] , ours have different auto-correlation functions. Examples applying non-ideal sequences to design optimal quaternary sequences are also given. This paper is organized as follows. In Section 2, interleaving method and Gray mapping will be briefly introduced. In Section 3, using the inverse Gray mapping to two binary sequences, a generic construction of quaternary sequences of even length will be proposed. In Section 4, as an application of the generic construction, we first recall known constructions of component sequences, and then present some new component sequences derived from GMW sequences pairs and twin-prime sequences pairs given in [17] and by using two, three and four different sequences defined by cyclotomic classes of order 4 with respect to the integer residue ring Z n , n being an odd prime, respectively. In Section 5, we will give three examples to illustrate our results. Finally, some concluding remarks will be given in Section 6.
Preliminaries

Interleaved sequences of length 2n
In this subsection, we briefly introduce to the representation of an interleaved sequence of length 2n. Please refer to [2] for more details for the interleaving method.
Let n be a positive integer. Assume that a i = (a i (0), a i (1), . . . , a i (n − 1)) is a sequence of length n, i = 0, 1, and g = (g 0 , g 1 ) is a sequence defined over Z n . Define a matrix (u i,j ) n×2 :
Concatenating the successive rows of the matrix above, an interleaved sequence u of length 2n is obtained as follows:
For convenience, denote u as
where I is the interleaving operator, and L gi (a i ) = (a i (g i ), a i (g i + 1), . . . , a i (g i + n − 1)). The sequences a 0 and a 1 are called the column sequences of u.
Let
It then follows that the cross-correlation function between u and v at the shift τ is given by
Gray mapping
The well-known Gray mapping φ :
Using the inverse Gray mapping φ −1 :
any quaternary sequence u = (u(0), u(1), . . . , u(N − 1)) can be obtained from two binary sequences c = (c(0), c(1), . . . , c(N − 1)) and d = (d(0), d(1), . . . , d(N − 1)) as follows:
Here the binary sequences c and d are called component sequences of u.
Transforming the sequence u into its complex valued version,
where ξ = √ −1, Krone and Sarwate [18] observed the following result.
Lemma 1 ([18]
). The auto-correlation function of u is given by
Generic construction of quaternary sequences
In this section, we present a procedure for the construction of quaternary sequences with optimal autocorrelation.
Construction I: Construction of quaternary sequence via Gray mapping.
(1) Let n be an odd integer, N = 2n, and λ = n+1 2 . Generate four binary sequences a i of length n, 0 i 3, and a binary sequence e = (e(0), e(1), e(2)), e(j) = 0, 1.
(2) Define two binary sequences of length N :
where
(3) Applying the inverse Gray mapping φ −1 to c and d, obtain a quaternary sequence u of length N ,
We have the following result.
Theorem 1. The auto-correlation of u generated by Construction I is given by
Proof. Calculate the auto-correlation and cross-correlation functions of c and d. Writing τ = 2τ 0 + τ 1 , where 0 τ 0 < n and τ 1 = 0, 1, we consider the auto-correlation of c in two cases according to τ 1 = 0 and τ 1 = 1. Case 1: τ 1 = 0, by (1), in this case we have
where the second identity was due to
The following correlation functions can be similarly proved:
The conclusion then follows from (3) and the discussion above.
Corollary 1. Let a 0 , a 1 , a 2 , a 3 be four binary sequences of odd length n and e = (e(0), e(1), e(2)) be a binary sequence.
Proof. If Eq. (5) holds, then by Theorem 1,
Quaternary sequences from the generic construction
In this section, we will show that our generic construction includes some known constructions of optimal quaternary sequences as special cases, and can produce new quaternary sequences with optimal auto-correlation. Throughout this section, suppose that u is the quaternary sequence generated by Construction L.
4.1 Known constructions of a 0 , a 1 , a 2 , a 3 Theorem 2 ( [16] ). Let a 0 = a 1 = a 2 = a 3 , which are the same ideal sequences of length n = 2 m − 1, and e = (0, 0, 1). Then u is an optimal quaternary sequence, and for 1 τ < 2n,
Theorem 2 was generalized by Tang and Ding as follows.
Theorem 3 ([12]
). Let a 0 = a 1 and a 2 = a 3 be ideal sequences of the same length n, i.e., R a0 (τ 0 ) = R a2 (τ 0 ) = −1, 1 τ 0 < n. Let e = (0, 0, 1). Then u is an optimal quaternary sequence with autocorrelation function
In [12, 15] , the following result has been obtained by choosing the Legendre sequences pair (please refer to [17] for more details).
Theorem 4 ( [12, 15] ). Let s and t be the Legendre sequences pair of odd prime length n. Let e = (0, 0, 1) and
Then u is an optimal quaternary sequence with auto-correlation function
Remark 1. From known constructions above, a 0 , a 1 , a 2 , a 3 were defined by one or two binary sequences with optimal auto-correlation. In the next subsections, we will present new constructions of a 0 , a 1 , a 2 , a 3 , some of which have non-optimal auto-correlation functions. Those new a 0 , a 1 , a 2 , a 3 satisfy (5), and can be used to obtain optimal quaternary sequences u.
4.2
New constructions of a 0 , a 1 , a 2 , a 3 using a sequence pair
Using the twin-prime sequences pairs and the GMW-sequences pairs given in [17] , the following results can be obtained from Corollary 1.
Theorem 5. Let s and t be the twin-prime sequences pair of length p(p + 2). Let e = (e(0), e(1), e (2)) satisfy e(0) + e(1) + e(2) ≡ 1(mod 2) and (a 0 , a 1 , a 2 , a 3 ) ∈ {(s, t, s, t), (s, t, t, s), (t, s, t, s), (t, s, s, t)}.
Then u given by Construction I is an optimal quaternary sequence with auto-correlation function Then u given by Construction I is an optimal quaternary sequence with auto-correlation function
Remark 2. By choosing the twin-prime sequences pairs and GMW sequences pairs, the quaternary sequence u given by Construction I is different from the quaternary sequence given by Theorem 6 of [12] , since the auto-correlation function of our sequence take values 0, ±2, and that of the sequence in [12] takes values 0, −2.
4.3
Constructions of a 0 , a 1 , a 2 , a 3 using cyclotomic classes of order 4
Assume that n = 4f + 1 = x 2 + 4y 2 is an odd prime, where f , x and y are integers. Let D 0 , D 1 , D 2 , D 3 be the cyclotomic classes of order 4 with respect to Z n (See Appendix A). Let s 1 , s 2 , s 3 , s 4 , s 5 , s 6 be six binary sequences of length n with support sets
In this subsection, we will present new constructions of a 0 , a 1 , a 2 , a 3 choosing from s 1 , s 2 , s 3 , s 4 , s 5 , s 6 , whose auto-correlation and cross-correlation functions are given in Appendix A. The following discussion are divided into two cases: f odd and f even. Then u given by Construction I is an optimal quaternary sequence, i.e., for 1 τ < 2n, R u (τ ) = ±2.
Proof. Note that a 0 = a 2 and a 1 = a 3 , where (a 0 , a 1 ) ∈ {(s 2 , s 1 ), (s 1 , s 2 ), (s 6 , s 2 ), (s 2 , s 6 ), (s 5 , s 4 ), (s 4 , s 5 ), (s 3 , s 5 ), (s 5 , s 3 )}. By Theorem 1, the auto-correlation function of u is reduced as
Using the values of auto-correlation and cross-correlation functions of a 0 and a 1 obtained in Lemma 3 and Theorem 11 in Appendix A, the result follows immediately. Then u given by Construction I is an optimal quaternary sequence, i.e., for 1 τ < 2n, R u (τ ) = ±2.
Proof. Note that a 0 = a 3 and a 1 = a 2 , where (a 0 , a 1 ) ∈ {(s 2 , s 1 ), (s 1 , s 2 ), (s 6 , s 2 ), (s 2 , s 6 ), (s 5 , s 4 ), (s 4 , s 5 ), (s 3 , s 5 ), (s 5 , s 3 )}. By Theorem 1, the auto-correlation function of u is reduced as
Based on the auto-correlation and cross-correlation functions of a 0 and a 1 obtained in Lemma 3 and Theorem 11 in Appendix A, the result follows immediately. Then u given by Construction I is an optimal quaternary sequence, i.e., for 1 τ < 2n, R u (τ ) = ±2.
Proof. By Theorem 1, the result follows immediately by using the auto-correlation and cross-correlation functions of s 1 , s 3 , s 4 and s 6 given in Lemma 3 and Theorem 11 in Appendix A.
Theorem 10. Let f be even and x = ±1. Let e = (e(0), e(1), e(2)) with e(0) + e(1) + e(2) ≡ 0(mod 2) and (a 0 , a 1 , a 2 , a 3 ) ∈ 
Then u given by Construction I is an optimal quaternary sequence, i.e., for 1 τ < 2n, R u (τ ) = ±2.
Proof. Note that for any i = j, R si,sj (τ ) = R sj ,si (τ ) holds for all 0 τ < n (see Lemma 3 in Appendix A). That is to say, 0 i = j 3, R ai,aj (τ ) = R aj ,ai (τ ) holds for all 0 τ < n. Hence by Theorem 1, the auto-correlation function of u is given by
The result follows immediately from the auto-correlation and cross-correlation functions of s 1 , s 3 , s 4 and s 6 given by Lemma 3 and Theorem 12 in Appendix A.
Examples
In this section, we will give three examples of our new constructions of quaternary sequences with optimal auto-correlation. (0, 0, 0, 1, 1, 1, 0, 1, 0, 1, 1, 0, 1, 0, 1, 1, 0, 1, 0, 1, 1, 1, 0, 0, 0) , (1, 0, 0, 1, 1, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 0, 1) .
With the help of Magma Program, the auto-correlation and cross-correlation functions of a 0 and a 1 are given by −7, 1, −3, 1, 1, 1, −3, −3, 1, 1, 1, −3, 1, −7 It can be seen that both a 0 and a 1 are non-ideal sequences. By Theorem 1, we can obtain a quaternary sequence u = (0, 1, 0, 1, 0, 1, 2, 1, 2, 1, 2, 3, 0, 1, 2, 3, 0, 3, 2, 1, 2, 1, 0, 3, 2, 3 , 0, 1, 2, 1, 2, 3, 0, 3, 2, 1, 0, 3, 2, 1, 2, 1, 2, 1, 0, 1, 0, 1, 0, 3)
with auto-correlation (R u (τ )) 49 τ =1 = (0, −2, 0, 2, 0, 2, 0, −2, 0, 2, 0, −2, 0, 2, 0, 2, 0, 2, 0, −2, 0, −2, 0, −2, 0, −2, 0, −2, 0, −2, 0, 2, 0, 2, 0, 2, 0, −2, 0, 2, 0, −2, 0, 2, 0, 2, 0, −2, 0).
Example 2.
Let α be a primitive element of the finite field F 2 6 generated by the primitive polynomial f (x) = x 6 + x + 1 and f (α) = 0. Let a 0 = (a 0 (0), a 0 (1), . . . , a 0 (62)) be the m-sequence of length 63, where a 0 (i) = T r 6
a 0 = a 2 = (0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 0, 1, 0, 0, 1, 1, 1, 1, 0, 1, 0, 0, 0, 1, 1, 1, 0, 0, 1, 0, 0, 1, 0, 1, 1, 0, 1, 1, 1, 0, 1, 1, 0, 0, 1, 1, 0, 1, 0, 1, 0, 1, 1, 1, 1, 1, 1) , and its modification a 1 given in [17] equal to a 1 = a 3 = (1, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1, 0, 1, 1, 0, 1, 1, 1, 1, 0, 1, 0, 1, 0, 1, 1, 1, 0, 0, 1, 0, 1, 1, 0, 1, 1, 0, 1, 1, 1, 1, 1, 1, 0, 0, 1, 1, 0, 1, 1, 1, 0, 1, 1, 1, 1, 1, 1) .
Then by Theorem 6, we have u = (0, 1, 0, 1, 0, 3, 0, 1, 0, 3, 2, 3, 0, 1, 0, 3, 0, 3, 0, 1, 2, 3, 2, 3, 0, 3, 0, 3, 0, 3, 2, 3, 0, 1, 2, 1, 0, 3, 0, 3, 2, 1, 2, 3, 2, 3, 2, 3, 0, 1, 2, 3, 0, 3, 0, 3, 0, 3, 2, 3, 2, 3, 2, 3, 0, 1, 0, 1, 2, 1, 0, 1, 0, 3, 2, 1, 0, 1, 2, 1, 2, 3, 0, 3, 2, 3, 2, 1, 2, 1, 0, 1, 2, 3, 2, 1, 0, 3, 0, 3, 2, 1, 2, 3, 0, 3, 2, 3, 0, 3, 2, 1, 0, 3, 2, 1, 2, 3, 2, 1, 2, 3, 2, 3, 2, 3).
Hence we have (R u (τ )) 125 τ =1 = (0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, −2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, −2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, −2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, −2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 2, 0, 2, 0, 0, −2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, −2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0, 2, 0), i.e., the out-of-phase auto-correlation of u takes values 0, ±2. It is easy to check that the following sequences (0, 1, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 1) , 1, 0, 0, 1, 0, 1, 1, 0, 0, 1, 1, 0, 1, 0, 0, 1) , 0, 1, 1, 0, 1, 0, 0, 1, 1, 0, 0, 1, 0, 1, 1, 0) , 0, 1, 0, 0, 0, 1, 1, 1, 1, 1, 1, 0, 0, 0, 1, 0) with support sets C 0 ∪ C 1 , C 0 ∪ C 3 , C 1 ∪ C 2 and C 2 ∪ C 3 respectively are non-optimal binary sequences of length 17. Take a 0 = s 6 , a 1 = s 3 , a 2 = s 4 , a 4 = s 1 , and e = (0, 0, 0). By Theorem 10, the quaternary sequence u is equal to u = (0, 0, 0, 3, 2, 3, 1, 1, 0, 2, 1, 1, 3, 0, 3, 2, 2, 0, 2, 2, 3, 0, 3, 1, 1, 2, 0, 1, 1, 3, 2, 3, 0, 0), which has the out-of-phase auto-correlation function:
(R u (τ )) 33 τ =1 = (2, −2, −2, −2, −2, −2, −2, −2, 2, −2, −2, −2, 2, −2, 2, − 2, 2, −2, 2, −2, 2, −2, −2, −2, 2, −2, −2, −2, −2, −2, −2, −2, 2).
Conclusion
Using the inverse Gray mapping and interleaving method, the authors in [12] proposed a construction of multiple-access quaternary sequences of even length with optimal magnitude by choosing arbitrary two ideal sequences of the same length, which is a generalization of [15, 16] . While in this paper, we construct component sequences via interleaving: twin-prime sequences pairs and GMW sequences pairs given by Tang and Gong in 2010; or two, three or four binary sequences defined by cyclotomic classes of order 4. Compared with those sequences given in [12] , our proposed sequences can be defined by using non-ideal binary sequences and have different auto-correlation functions.
In this section, we will first review the cyclotomic classes of order 4 and then discuss the auto-correlation and cross-correlation of s i defined by cyclotomic classes. Assume that n = 4f + 1 = x 2 + 4y 2 is a prime, where f , x and y are integers. Let α be a generator of the multiplicative group of the integer residue ring Zn, and let C i = {α 4j+i : 0 j < f }, 0 i < 4. Those C i , 0 i < 4, are called the cyclotomic classes of order 4 with respect to Zn. The cyclotomic numbers of order 4, denoted (i, j), are defined as
The cyclotomic numbers of order 4 are given in Storer's work 1) .
Lemma 2.
• For odd f , the sixteen cyclotomic numbers are given by Table A1, .
• For even f , the sixteen cyclotomic numbers are given by Table A2, 
respectively. The auto-correlation and cross-correlation of s i , 1 i 6, are listed in Tables A3  and A4 respectively.
Let i 0 i 1 i 2 i 3 and j 0 j 1 j 2 j 3 be two permutations of 0, 1, 2, 3. Let s i and s j be two binary sequences with support sets D i 0 ∪ D i 1 and D j 0 ∪ D j 1 , respectively. The cross-correlation of s i and s j at shift τ ∈ D k is equal to
where 
Lemma 3. For each 1 i, j 6, the correlation of s i and s j have the following properties:
(1) For any τ 1 , τ 2 ∈ D k , k = 0, 1, 2, 3, Rs i ,s j (τ 1 ) = Rs i ,s j (τ 2 ).
(2)
1, otherwise.
(3) For each τ ∈ D k and l ∈ D k+2 , where the subscript k + 2 is performed modulo 4, we have
Rs i ,s j (τ ) = Rs j ,s i (l), f odd, Rs j ,s i (τ ), f even.
Proof.
The proofs of (1) and (2) are obvious, so we only give the proof of (3). Note that where the third equal sign is due to (A1), and the fourth one is due to (A3). By (3) of Lemma 3, it is sufficient to consider the correlation of Rs i ,s j (τ ) for τ = 0 and 1 i j 6, which are given in the following two theorems.
Theorem 11. Let f be odd, then the auto-and cross-correlation of s 1 , s 2 , s 3 , s 4 , s 5 , s 6 are given in Table A3 .
We only prove the auto-correlation of s 3 , and the remainder results can be similarly discussed. Let τ ∈ D k , k = 0, 1, 2, 3. By (A2), we have 
where the second equal sign is due to the cyclotomic numbers given by Table A1 of Lemma 2. Note that f is odd, −1 = α 2f ∈ D 2 , and we have (−1) s 3 (τ ) + (−1) s 3 (n−τ ) = 0 for any 1 τ < n. By (A2) and (A1), the auto-correlation of s 3 is given as follows:
Theorem 12. Let f be even, then the auto-and cross-correlation of s 1 , s 2 , s 3 , s 4 , s 5 , s 6 are given in Table A4 .
We only prove the auto-correlation of s 3 , and the remainder results can be similarly discussed. By (A2), we have 
